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Abstract: In this paper, a class of non-Newton filtration equations with singular potential
and logarithmic nonlinearity under initial-boundary condition is investigated. Based on potential
well method and Hardy-Sobolev inequality, the global existence of solutions is derived when the
initial energy J(u0) is subcritical(J(u0) < d), critical(J(u0) = d) with d being the mountain-pass
level. Finite time blow-up results are obtained as well when the initial energy J(u0) satisfies
specific conditions. Moreover, the upper and lower bounds of the blow-up time are given.
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1 Introduction
In this paper, we are concerned with the following initial-boundary problem:
|x|−sut − div(|∇u|
p−2∇u) = |u|q−2u ln |u| in Ω× (0, T ),
u(x, t) = 0 on ∂Ω× (0, T ),
u(x, 0) = u0(x) for x ∈ Ω,
(1.1)
where the initial value u0(x) ∈ W
1,p
0 (Ω), T ∈ (0,∞] is the maximal existence time of solutions,
Ω ⊂ RN(N > p) is a bounded domain containing the origin 0 with smooth boundary ∂Ω,
x = (x1, x2, · · · , xN ) ∈ R
N with |x| =
√
x21 + x
2
1 + · · · + x
2
N , and the parameters satisfy
p ≥ 2, 0 ≤ s ≤ 2, p < q <
Np
N − p
. (1.2)
The volumetric moisture content θ(x), the macroscopic velocity
−→
V and the density of the
fluid u, under the assumption that a compressible fluid flows in a homogeneous isotropic rigid
porous medium, are governed by the following equation [20]:
θ(x)ut − div(u
−→
V ) = f(u),
where f(u) is the source. For the non-Newtonian fluid, provided that the fluid investigated is
the polytropic gas, one obtains
θ(x)ut − c
αλdiv(|∇um|p−2∇um) = f(u), (1.3)
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where c > 0, m > 0, λ > 0, p ≥ 2. Over past years, many researchers has paid attention
to equation (1.3). For the source f(u) = uq, much work has been obtained. For instance, for
θ(x) = |x|−2 and m = 1, in 2004, Tan [19] considered the existence and asymptotic estimates
of global solutions as well as finite time blow-up of local solutions based on the classical Hardy
inequality [7]. Later on, Wang [21] extended the results obtained by Tan to θ(x) = |x|−s with
0 ≤ s ≤ 2, and proved the existence of global solutions by Hardy-Sobolev inequality [2], and
found two sufficient conditions for blow-up in finite time by the combination of variational
methods and classical concavity methods. For θ(x) = |x|−s with 0 ≤ s ≤ 2 in equation (1.3),
Zhou [23] discussed the global existence and finite time blow-up of solutions by potential well
method and Hardy-Sobolev inequality when the initial energy J(u0) is subcritical, i.e. J(u0) < d
with d being the mountain-pass level. For J(u0) ≥ d, Xu and Zhou [22] discussed the behaviors
of the solution by using the potential well method and some differential inequality techniques.
Their results, in fact extended previous ones obtained by Hao and Zhou [8], where some blow-up
conditions with J(u0) ≥ d were obtained for m = 1, p = 2 and θ(x) = |x|
−s with 0 ≤ s ≤ 2 in
equation (1.3). When the source f(u) is logarithmic nonlinearity, Deng and Zhou [5] investigated
the following semilinear heat equation with singular potential and logarithmic nonlinearity
|x|−sut −∆u = u ln |u|
under an appropriate initial-boundary value condition. They did make full use of the logarithmic
Sobolev inequality in [3, 6] to handle the difficulty caused by the logarithmic nonlinear term
u ln |u|. Taking the combination of a family of potential wells, the existence of global solutions
and infinite time blow-up solutions were obtained.
Inspired by the results mentioned above, it is pretty natural to discuss what will happen if
one replaces f(u) in equation (1.3) by |u|q−2u ln |u|, and makes m = 1 and θ(x) = |x|−s with
0 ≤ s ≤ 2, i.e. problem (1.1)? Noticing that if one wishes to use the logarithmic Sobolev
inequality, the diffusion term div(|∇u|p−2∇u) and the logarithmic nonlinearity |u|q−2u ln |u|
must have the same growth oder, i.e. p = q. In this paper, we obviously cannot use the
logarithmic Sobolev inequality due to p < q. In oder to handle the logarithmic nonlinearity, we
will use some pivotal lemmas proposed in [4]. To deal with the difficulty caused by |x|−s, we
have to apply Hardy-Sobolev inequality. The main purpose of this paper is to discuss the global
existence and finite time blow-up of solutions to problem (1.1). Firstly, by potential well method
which was introduced by Payne and Sattinger [15], and by combining Hardy-Sobolev inequality,
the global existence of solutions is derived when the initial energy J(u0) ≤ d. In particular, the
asymptotic behavior of solutions is presented. Secondly, some blow-up results are shown. To
be more precise, we prove that the solution blows up in finite time supposed that one of the
following three assumptions holds:
(1) the initial energy J(u0) < 0;
(2) the initial energy J(u0) ≤M ≤ d and I(u0) < 0, M is defined in (2.5);
(3) the initial energy 0 < J(u0) <
1
C2
∥∥∥|x|− s2u0(x)∥∥∥2
2
− C1
C2
, with C1 =
C˜
2 and C2 =
pq
q−p
C˜
2 , here C˜
is shown in (4.17).
And we give the upper bound of the blow-up time under each assumption. Finally, by using the
interpolation inequality and Sobolev embedding theorem, the lower bound of the blow-up time
is derived as well under the assumption (3).
The rest of this paper is organized as follows. In Section 2, the main results of this paper
are stated. In Section 3, we give some preliminaries including notations and lemmas. Proofs of
the main results are given in Section 4.
3
2 Main results
Throughout this paper, C is the given constant of Hardy-Sobolev inequality in Lemma 3.9.
We denote by ‖ · ‖p and ‖∇(·)‖p the norm on L
p(Ω) and W 1,p0 (Ω), respectively. And denote
by (·, ·) the inner product in L2(Ω). In order to present our main results, let us begin with
introducing some notations, definitions.
For any u ∈W 1,p0 (Ω), define the energy functional J and the Nehari functional I as follows:
J(u) =
1
p
‖∇u‖pp −
1
q
∫
Ω
|u|q ln |u|dx+
1
q2
‖u‖qq, (2.1)
I(u) = ‖∇u‖pp −
∫
Ω
|u|q ln |u|dx. (2.2)
Clearly, the functionals J and I are well-defined and continuous on W 1,p0 (Ω), and
J(u) =
1
q
I(u) +
q − p
pq
‖∇u‖pp +
1
q2
‖u‖qq. (2.3)
Define
d = inf
u∈N
J(u), (2.4)
where N := {u ∈W 1,p0 (Ω)\{0}|I(u) = 0} is the Nehari manifold. In Lemma 3.4, we obtain
d ≥M :=
q − p
pq
rp∗ . (2.5)
And define the potential well W and its corresponding set V by
W := {u ∈W 1,p0 (Ω)|I(u) > 0, J(u) < d} ∪ {0},
V := {u ∈W 1,p0 (Ω)|I(u) < 0, J(u) < d}. (2.6)
Definition 2.1. (Weak solution) A function u := u(x, t) ∈ L∞(0, T ;W 1,p0 (Ω)) with |x|
− s
2ut ∈
L2(0, T ;L2(Ω)) is called a weak solution of problem (1.1) on Ω × [0, T ) if u(x, 0) = u0(x) in
W 1,p0 (Ω) and
(|x|−sut, φ) + (|∇u|
p−2∇u,∇φ) = (|u|q−2u ln |u|, φ) a.e. t ∈ (0, T ) (2.7)
for any φ ∈W 1,p0 (Ω). Moreover,∫ t
0
∥∥∥|x|− s2uτ∥∥∥2
2
dτ + J(u(x, t)) = J(u0) a.e. t ∈ (0, T ). (2.8)
Definition 2.2. (Finite time blow-up) Let u be a weak solution of problem (1.1). We say that
u blows up at some finite time T if
lim
t→T−
∥∥∥|x|− s2u∥∥∥2
2
= +∞.
Global existence of solutions is presented as follows:
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Theorem 2.3. Let (1.2) hold and u0(x) ∈W
1,p
0 (Ω). Assume that J(u0) < d and I(u0) > 0 , then
problem (1.1) admits a global solution u ∈ L∞(0,∞;W 1,p0 (Ω)) with |x|
− s
2ut ∈ L
2(0,∞;L2(Ω)),
and u(t) ∈ W for 0 ≤ t <∞. Moreover, if J(u0) < d(α) :=
q−p
pq
(r(α))p ≤ d, then
∥∥∥|x|− s2u∥∥∥2
2
≤

∥∥∥|x|− s2u0∥∥∥2
2
e
− 2
C˜
[
1−
(
2q
q−2
1
(r(α))2
J(u0)
) q+α−2
2
]
t
for p = 2,{(
p
2 − 1
)
2
C˜
p
2
[
1−
(
pq
q−p
1
(r(α))p J(u0)
) q+α−p
p
]
t+
(∥∥∥|x|− s2u0∥∥∥2
2
)1− p
2
} 2
2−p
for p > 2,
where α satisfies (3.1), r(α) and C˜ are defined in (3.2) and (4.17), respectively.
Remark 2.4. For any u ∈ N , it follows from (2.3) and Lemma 3.1 that
J(u) =
1
q
I(u) +
q − p
pq
‖∇u‖pp +
1
q2
‖u‖qq ≥
q − p
pq
‖∇u‖pp >
q − p
pq
(r(α))p.
The definition of d indicates d ≥ d(α).
Corollary 2.5. Let (1.2) hold and u0(x) ∈ W
1,p
0 (Ω). Assume that J(u0) = d and I(u0) ≥ 0 ,
then problem (1.1) admits a global solution u ∈ L∞(0,∞;W 1,p0 (Ω)) with |x|
− s
2ut ∈ L
2(0,∞;L2(Ω))
and u(t) ∈ W ∪ ∂W for 0 ≤ t <∞.
Based on the proof of Theorem 2.3, following the proof of Corollary 1: Case 3 in [4], one
directly can prove Corollary 2.5. In the present paper, we omit the process.
In what follows, we introduce the finite time blow-up results. For the sake of simplicity,
throughout this paper, we set
L(t) :=
1
2
∥∥∥|x|− s2u∥∥∥2
2
. (2.9)
Theorem 2.6. Let (1.2) hold. If J(u0) < 0, and u is a weak solution to problem (1.1), then u
blows up at some finite time T with
T ≤
2L(0)
(2− q)qJ(u0)
.
Theorem 2.7. Let (1.2) hold. If J(u0) ≤ M defined in (2.5), I(u0) < 0, and u is a weak
solution to problem (1.1), then u blows up at some finite time T . In addition,
T ≤
8(q − 1)L(t0)
(q − 2)2q(M − J(u(x, t0)))
+ t0.
where t0 ≥ 0 is any finite time such that J(u(x, t0)) < M . In particular, for J(u0) < M , the
finite blow-up time satisfies
T ≤
8(q − 1)L(0)
(q − 2)2q(M − J(u0))
.
Next, we give the finite time blow-up result and estimate the upper and lower bounds of the
blow-up time for the arbitrarily high initial energy.
Theorem 2.8. Let u be a weak solution of problem (1.1), and (1.2) hold. If
0 < C2J(u0) < L(0)− C1 (2.10)
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with C1 =
C˜
2 and C2 =
pq
q−p
C˜
2 , here C˜ is shown in (4.17), then u blows up at some finite time
T . Moreover, the upper of the blow-up time is given by
T ≤
4(q − 1)pC˜L(0)
(q − 2)2(q − p)F (0)
.
with F (0) = L(0)− C1 − C2E(u0) > 0.
Theorem 2.9. Suppose that all conditions of Theorem 2.8 are fulfilled and q + α < p
(
1 + 2
N
)
.
Then the lower bound of the blow-up time can be estimate by
T ≥
L1−κ(0)
α−1
[
C
θ(q+α)
∗ α
− θ(q+α)
p [diam(Ω)]
s(1−θ)(q+α)
2
] p
p−θ(q+α)
2κ(κ− 1)
,
here α is defined in (3.1), θ =
(
1
2 −
1
q+α
)(
1
2 −
N−p
Np
)−1
∈ (0, 1), κ = [ (1−θ)(q+α)2 ]/[1 −
θ(q+α)
p
]
and C∗ is the optimal constant of embedding W
1,p
0 (Ω) →֒ L
Np
N−p (Ω).
3 Preliminaries
In this section, we give some lemmas, which are of great significance in the proofs of our
main results. Since the definitions of J and I are same as [4], here we directly borrow some
lemmas without detailed proofs.
Firstly, we give some notations obtained in [4]. Let (1.2) hold. For any α satisfying
0 < α ≤
Np
N − p
− q, (3.1)
define
r(α) :=
( α
Bq+αα
) 1
q+α−p
, (3.2)
where Bα is the optimal embedding constant of W
1,p
0 (Ω) →֒ L
p+α(Ω).
Lemma 3.1.
[4]
Let (1.2) hold and u ∈W 1,p0 (Ω)\{0}. Then for any α satisfying (3.1), we have
(1) if 0 < ‖∇u‖p ≤ r(α), then I(u) > 0;
(2) if I(u) ≤ 0, then ‖∇u‖p > r(α),
where r(α) is defined in (3.2).
Lemma 3.2.
[4]
Let (1.2) hold. Then
r∗ := sup
{α satisfies (3.1)}
r(α)
exists and 0 < r∗ ≤ r
∗ <∞, where
r∗ := sup
{α satisfies (3.1)}
σ(α) with σ(α) :=
( α
κq+α
) 1
q+α−p
|Ω|
α
q(q+α−p) .
Here, |Ω| is the measure of Ω, κ is the optimal embedding constant of W 1,p0 (Ω) →֒ L
q(Ω).
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Lemma 3.3.
[4]
Let (1.2) hold and u ∈W 1,p0 (Ω)\{0}.
(1) If 0 < ‖∇u‖p < r∗, then I(u) > 0;
(2) If I(u) ≤ 0, then ‖∇u‖p ≥ r∗,
where r∗ is defined in Lemma 3.2.
Lemma 3.4.
[4]
Let (1.2) hold. Then we have
d ≥
q − p
pq
rp∗,
where d is defined in (2.4) and r∗ is defined in Lemma 3.2.
Lemma 3.5. Let u be a weak solution to problem (1.1). Then for all t ∈ [0, T ),
d
dt
∥∥∥|x|− s2u∥∥∥2
2
= −2I(u). (3.3)
The proof of Lemma 3.5 directly follows by choosing φ = u in Definition 2.1.
Lemma 3.6. Let (1.2) hold and u0(x) ∈W
1,p
0 (Ω). Assume that u is a weak solution of problem
(1.1) in Ω× [0, T ).
(1) If J(u0) < d and I(u0) > 0, then u(t) ∈ W for 0 ≤ t < T .
(2) If J(u0) < d and I(u0) < 0, then u(t) ∈ V for 0 ≤ t < T .
(3) If J(u0) = d and I(u0) < 0, then there exists 0 < t0 < T such that u(t) ∈ V for t0 ≤ t < T .
Proof. (1) For J(u0) < d, I(u0) > 0, from the definition of W, we know u0 ∈ W. Next we
will prove u(t) ∈ W for 0 < t < T . In fact, if it is false, there exists a t0 ∈ (0, T ) such
that u(t0) ∈ ∂W , which implies that u(t0) ∈ W
1,p
0 (Ω)\{0} and J(u(t0)) = d or I(u(t0))=0.
From (2.8), J(u(t0)) = d is not true. So u(t0) ∈ N , then by the definition of d, we have
J(u(t0)) ≥ d, which also contradicts (2.8). Hence, u(t) ∈ W for 0 < t < T .
(2) By the definition of V, we have u0 ∈ V. Next we will show that u(t) ∈ V for 0 < t < T .
If not, there exist a t0 ∈ (0, T ) such that u(t0) ∈ ∂V, namely I(u(t0)) = 0 or J(u(t0)) = d.
By (2.8), we can see that J(u(t0)) < d, then I(u(t0)) = 0. We assume that t0 is the first
time such that I(u(t0)) = 0, then I(u(t)) < 0 for 0 ≤ t < t0. Recalling Lemma 3.3, one has
‖∇u‖p ≥ r∗ for 0 ≤ t < t
0. Thus,
‖∇u(t0)‖p = lim
t→t0
‖∇u‖p ≥ r∗ > 0,
which together with I(u(t0)) = 0 implies that u(t0) ∈ N . By the definition of d, we again
obtain J(u(t0)) ≥ d, a contradiction to (2.8).
(3) Firstly, we claim that I(u(x, t)) < 0 for 0 ≤ t < ∞ if J(u0) = d and I(u0) < 0. If the
claim is not true, then by the continuity of I(u(x, t)), we assume that t0 is the first time
such that I(u(t0)) = 0, then I(u(t)) < 0 for 0 ≤ t < t0. Recalling Lemma 3.3, one has
‖∇u‖p ≥ r∗ for 0 ≤ t < t0. Thus,
‖∇u(t0)‖p = lim
t→t0
‖∇u‖p ≥ r∗ > 0,
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which together with I(u(t0)) = 0 implies that u(t0) ∈ N . Thus, by the definition of d, we
get
J(u(x, t0)) ≥ d. (3.4)
On the other hand, it follows from (3.3) that
d
dt
∥∥∥|x|− s2u∥∥∥2
2
= −2I(u(t)) > 0 for 0 ≤ t < t0.
Therefore, (2.8) yields
J(u(x, t)) ≤ J(u(x, t0)) = J(u0)−
∫ t0
0
∥∥∥|x|− s2ut∥∥∥2
2
dt < d for 0 ≤ t < t0, (3.5)
which contradicts (3.4). Taking t0 as the initial time, and following the proof of case (2),
we can prove that u(t) ∈ V for t0 ≤ t < T .
Lemma 3.7.
[14]
Let µ be a positive number. Then we have the following inequalities:
sp ln s ≤
e−1
µ
sp+µ for all s ≥ 1,
and ∣∣∣sp ln s∣∣∣ ≤ (ep)−1 for all 0 < s < 1.
Lemma 3.8.
[12, 13]
Suppose a positive, twice-differentiable function ψ(t) satisfies the inequality
ψ′′(t)ψ(t) − (1 + θ)(ψ′(t))2 ≥ 0 for t ≥ t0 ≥ 0,
where θ > 0. If ψ(t0) > 0, ψ
′(t0) > 0, then ψ(t)→∞ as t→ t1 ≤ t2 =
ψ(t0)
θψ′(t0)
+ t0.
Lemma 3.9.
[2]
(Hardy-Sobolev inequality) Let RN = Rk × RN−k, 2 ≤ k ≤ N and x = (y, z) ∈
R
N = Rk ×RN−k. For given n, β satisfying 1 < n < N , 0 ≤ β ≤ n and β < k, let γ(β,N, n) =
n(N − β)/(N − n). Then there exists a positive constant C depending on β, n, N and k such
that for any u ∈W 1,n0 (R
N ), it holds∫
RN
|u(x)|γ
|y|β
dx ≤ C
(∫
RN
|∇u|ndx
)N−β
N−n
.
4 Proofs of the main results
Proof of Theorem 2.3: The proof will be divided into two steps.
Step 1. Global existence Let {φj(x)} be a system of basis inW
1,p
0 (Ω) which is orthogonal
in L2(Ω) and construct the approximate solution um(x, t) to problem (1.1)
um(x, t) =
m∑
j=1
amj (t)φj(x) for m = 1, 2, · · · ,
which satisfy for j = 1, 2, · · · ,m
(|x|−sumt , φj) + (|∇u
m|p−2∇um,∇φj) = (|u
m|q−2um ln |um|, φj), (4.1)
8um(x, 0) =
m∑
j=1
bmj φj(x)→ u0(x) in W
1,p
0 (Ω). (4.2)
The standard theory of ordinary differential equations yields that there exists a T > 0 depending
on bmj for j = 1, 2, · · · ,m such that a
m
j (t) ∈ C
1([0, T ]) and amj (0) = b
m
j . As a consequence,
um ∈ C1([0, T ],W 1,p0 (Ω)).
It follows by multiplying (4.1) by (amj (t))
′, summing for j from 1 to m, and integrating from
0 to t that ∫ t
0
∥∥∥|x|− s2umτ ∥∥∥2
2
dτ + J(um(x, t)) = J(um(x, 0)) for 0 ≤ t < T.
Noticing that um(x, 0)→ u0(x) in W
1,p
0 (Ω), we get
J(um(x, 0)) → J(u0(x)) < d and I(u
m(x, 0))→ I(u0(x)) > 0.
Therefore, for sufficiently large m and for any 0 ≤ t < T , one has∫ t
0
∥∥∥|x|− s2umτ ∥∥∥2
2
dτ + J(um(x, t)) = J(um(x, 0)) < d and I(um(x, 0)) > 0. (4.3)
Now, let us prove that um(x, t) ∈ W for sufficiently large m and for 0 ≤ t < T . Otherwise,
there exists a t0 ∈ (0, T ) such that u
m(x, t0) ∈ ∂W. Recalling that 0 is an interior point of W,
it follows that
(1) I(um(x, t0)) = 0, ‖∇u
m(x, t0)‖p 6= 0 or (2) J(u
m(x, t0)) = d.
It follows from (4.3) that J(um(x, t0)) < d, which implies that (2) cannot happen. If (1) happens,
then by the definition of d, we get J(um(x, t0)) ≥ d, which contradicts (4.3).
Since um(x, t) ∈ W for sufficiently large m and for 0 ≤ t < T , one has I(um(x, t)) ≥ 0.
Combining
J(um) =
1
q
I(um) +
q − p
pq
‖∇um‖pp +
1
q2
‖um‖qq
and (4.3) is to get ∫ t
0
∥∥∥|x|− s2umτ ∥∥∥2
2
dτ +
q − p
pq
‖∇um‖pp +
1
q2
‖um‖qq < d
for sufficiently large m and for 0 ≤ t < T , which indicates that
‖um‖p
W
1,p
0 (Ω)
<
dpq
q − p
, (4.4)
∫ t
0
∥∥∥|x|− s2umτ ∥∥∥2
2
dτ < d, (4.5)∫
Ω
∣∣∣|∇um|p−2∇um∣∣∣ pp−1 dx = ‖∇um‖pp < dpqq − p. (4.6)
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Applying Lemma 3.7 yields∫
Ω
∣∣∣|um|q−2um ln |um|∣∣∣ qq−1 dx
=
∫
{x∈Ω;|um|≥1}
∣∣∣|um|q−2um ln |um|∣∣∣ qq−1 dx+ ∫
{x∈Ω;|um|<1}
∣∣∣|um|q−2um ln |um|∣∣∣ qq−1 dx
≤ (eµ)−
q
q−1
∫
{x∈Ω;|um|≥1}
|um|(q−1+µ)
q
q−1 dx+ (e(q − 1))−
q
q−1 |Ω|
≤ (eµ)−
q
p−1 (C∗)
(q−1+µ) q
q−1‖um‖
(q−1+µ) q
q−1
W
1,p
0 (Ω)
+ (e(q − 1))−
q
q−1 |Ω|
< (eµ)
− q
p−1 (C∗)
(q−1+µ) q
q−1
( dpq
q − p
)(q−1+µ) q
p(q−1)
+ (e(q − 1))−
q
q−1 |Ω|,
(4.7)
here we choose µ such that (q − 1 + µ) q
q−1 <
Np
N−p , and C
∗ is the optimal embedding constant
of W 1,p0 (Ω) →֒ L
(q−1+µ) q
q−1 (Ω).
As a consequence, by (4.4)-(4.7), T =∞. And for any T˜ > 0 we get a subsequence of {um}
(still denoted by {um}) such that as m→∞,
um ⇀ u weakly * in L∞(0, T˜ ;W 1,p0 (Ω));
|x|−
s
2umt ⇀ |x|
− s
2ut weakly in L
2(0, T˜ ;L2(Ω));
|∇um|p−2∇um ⇀ ξ weakly * in L∞(0, T˜ ;L
p
p−1 (Ω));
|um|q−2um ln |um|⇀ η weakly * in L∞(0, T˜ ;L
q
q−1 (Ω)).
(4.8)
Since Ω is a bounded domain, then∫ t
0
‖umτ ‖
2
2dτ ≤ (diam(Ω))
s
∫ t
0
∥∥∥|x|− s2umτ ∥∥∥2
2
dτ ≤ (diam(Ω))sd,
which indicates
umt ⇀ ut weakly in L
2(0, T˜ ;L2(Ω)). (4.9)
Combining (4.9) and the first one in (4.8), noticing that W 1,p0 (Ω)
compact
→֒ Lq(Ω) →֒ L2(Ω), and
then using the Aubin-Lions-Simon compactness lemma [1, 11, 17], one has
um → u strongly in C([0, T˜ ];Lq(Ω)). (4.10)
Thus, um → u a.e. x ∈ Ω, and then η = |u|q−2u ln |u|. Recalling (4.2), one has u(x, 0) = u0(x) ∈
W 1,p0 (Ω).
We are now in a position to prove that u is a weak solution to problem (1.1) for any T˜ > 0.
Let us fix an integer k and choose a function ω ∈ C1([0, T˜ ],W 1,p0 (Ω)) with the following
ω =
k∑
j=1
lj(t)φj(x),
where {lj(t)}
k
j=1 are arbitrarily given C
1 functions. Taking m ≥ k in (4.1), multiplying (4.1) by
lj(t), summing for j from 1 to k, and integrating with respect to t from 0 to T˜ , we obtain∫ T˜
0
(|x|−sumt , ω)dt+
∫ T˜
0
(|∇um|p−2∇um,∇ω)dt =
∫ T˜
0
(|um|q−2um ln |um|, ω)dt, (4.11)
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Particularly, one has∫ T˜
0
(|x|−sumt , u
m)dt+
∫ T˜
0
(|∇um|p−2∇um,∇um)dt =
∫ T˜
0
(|um|q−2um ln |um|, um)dt,
that is
1
2
∫
Ω
|x|−s(um(x, T˜ ))2dx−
1
2
∫
Ω
|x|−s(um(x, 0))2dx+
∫ T˜
0
‖∇um‖ppdt =
∫ T˜
0
∫
Ω
|um|q ln |um|dxdt.
(4.12)
Letting m→∞ in (4.11), and noticing that∫ T˜
0
(|x|−sumt , ω)dt =
∫ T˜
0
(|x|−
s
2umt , |x|
− s
2ω)dt→
∫ T˜
0
(|x|−
s
2ut, |x|
− s
2ω)dt =
∫ T˜
0
(|x|−sut, ω)dt,
we obtain ∫ T˜
0
(|x|−sut, ω)dt+
∫ T˜
0
(ξ,∇ω)dt =
∫ T˜
0
(|u|q−2u ln |u|, ω)dt. (4.13)
Choosing ω = um in (4.13), and letting m→∞, one has
1
2
∫
Ω
|x|−s(u(x, T˜ ))2dx−
1
2
∫
Ω
|x|−s(u0(x))
2dx+
∫ T˜
0
(ξ,∇u)dt =
∫ T˜
0
(|u|q−2u ln |u|, u)dt. (4.14)
We need to prove that ξ = |∇u|p−2∇u. Using Hardy-Sobolev inequality(i.e. Lemma 3.9),
we have ∥∥∥|x|− s2um∥∥∥2
2
=
∫
Ω
|x|−s(um)2dx ≤ C
(∫
Ω
|∇um|
2N
N+2−s dx
)N+2−s
N
. (4.15)
Taking that 2N
N+2−s ≤ p and p ≥ 2 in mind, it follows from inequality s ≤ s
α+1 with s ≥ 0, α ≥ 1
and (4.4) that
C
(∫
Ω
|∇um|
2N
N+2−s dx
)N+2−s
N
≤ C˜‖∇um‖2p ≤ C˜‖∇u
m‖pp + C˜ ≤ C˜
dpq
q − p
+ C˜ (4.16)
with
C˜ =
{
C if 2N
N+2−s = p,
C|Ω|
N+2−s
N
− 2
p if 2N
N+2−s < p.
(4.17)
Combining (4.15) with (4.16) yields that there exist a subsequence of {|x|−
s
2um(x, T˜ )} (which
we still denote by {|x|−
s
2um(x, T˜ )}) and a function v ∈ L2(Ω) such that {|x|−
s
2um(x, T˜ )} ⇀ v
weakly in L2(Ω). Then for any ψ(x) ∈ C∞0 (Ω) and ϕ(t) ∈ C
1([0, T˜ ]), one has∫ T˜
0
∫
Ω
|x|−
s
2umt ψ(x)ϕ(t)dxdt =
∫
Ω
[
|x|−
s
2um(x, T˜ )ϕ(T˜ )− |x|−
s
2um(x, 0)ϕ(0)
]
ψ(x)dx
−
∫ T˜
0
∫
Ω
|x|−
s
2umψ(x)ϕt(t)dxdt.
Letting m→∞ in the equality above, and taking (4.8) (4.2) in mind, we obtain∫
Ω
[
v − |x|−
s
2u(x, T˜ )
]
ψ(x)ϕ(T˜ )dx−
∫
Ω
[
|x|−
s
2u0(x)− |x|
− s
2u(x, 0)
]
ψ(x)ϕ(0)dx = 0.
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Setting ϕ(T˜ ) = 1, ϕ(0) = 0, and by the density of C∞0 (Ω) in L
2(Ω), we have v = |x|−
s
2u(x, T˜ ).
It follows from the weakly lower semi-continuity of the L2(Ω) norm that∫
Ω
|x|−s(u(x, T˜ )2dx ≤ lim inf
m→∞
∫
Ω
|x|−s(um(x, T˜ )2dx. (4.18)
Next, we claim that
lim
m→∞
∫ T˜
0
∫
Ω
|um|q ln |um|dxdt =
∫ T˜
0
∫
Ω
|u|q ln |u|dxdt. (4.19)
Using (4.10), (4.7) and the last one in (4.8), one has that∣∣∣ ∫ T˜
0
∫
Ω
(
|um|q ln |um| − |u|q ln |u|
)
dxdt
∣∣∣
=
∣∣∣ ∫ T˜
0
∫
Ω
(um − u)um|um|q−2 ln |um|dxdt
∣∣∣
+
∣∣∣ ∫ T˜
0
∫
Ω
u
(
|um|q−2um ln |um| − |u|q−2u ln |u|
)
dxdt
∣∣∣
≤ max
0≤t≤T˜
‖um − u‖q max
0≤t≤T˜
∥∥∥um|q−2um ln |um|∥∥∥
q
q−1
+
∣∣∣ ∫ T˜
0
∫
Ω
u
(
|um|q−2um ln |um| − |u|q−2u ln |u|
)
dxdt
∣∣∣→ 0 as m→∞,
which yields (4.19).
Set
Xm =
∫ T˜
0
∫
Ω
(|∇um|p−2∇um − |∇u|p−2∇u)(∇um −∇u)dxdt,
obviously, it follows from (4.12), (4.19), (4.18), (4.8) and (4.14) that
0 ≤ lim sup
m→∞
Xm = lim sup
m→∞
∫ T˜
0
∫
Ω
[
|∇um|p − |∇um|p−2∇um∇u− |∇u|p−2∇u(∇um −∇u)
]
dxdt
≤
∫ T˜
0
∫
Ω
|u|q ln |u|dxdt−
1
2
∫
Ω
|x|−s(u(x, T ))2dx+
1
2
∫
Ω
|x|−s(u(x, 0))2dx
−
∫ T˜
0
∫
Ω
ξ∇udxdt−
∫ T˜
0
∫
Ω
|∇u|p−2∇u(∇u−∇u)dxdt = 0,
which implies limm→∞Xm = 0. Since for p ≥ 2,∫ T˜
0
∫
Ω
|∇um −∇u|pdxdt ≤ 2p−2Xm,
one has that ∇um → ∇u strongly in (Lp(0, T˜ ;Lp(Ω)))N , which implies ∇um → ∇u a.e. in
Ω × (0, T˜ ). Consequently |∇um|p−2∇um → |∇u|p−2∇u a.e. in Ω × (0, T˜ ), which together
with the third one in (4.8) yields ξ = |∇u|p−2∇u. Therefore, it follows from (4.13), for any
ω ∈ C1([0, T˜ ],W 1,p0 (Ω)), that∫ T˜
0
(|x|−sut, ω)dt+
∫ T˜
0
(|∇u|p−2∇u,∇ω)dt =
∫ T˜
0
(|u|q−2u ln |u|, ω)dt.
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By the arbitrariness of T˜ > 0, we know that
(|x|−sut, φ) + (|∇u|
p−2∇u,∇φ) = (|u|q−2u ln |u|, φ) for any φ ∈W 1,p0 (Ω), a.e. t > 0.
In order to prove (2.8), we first assume that u(x, t) is smooth enough such that ut ∈
L2(0, T˜ ;W 1,p0 (Ω)). Let us choose φ = ut as a test function and integrate (2.7) over [0, t], obvi-
ously, (2.8) is true. Making use of the density of L2(0, T˜ ;W 1,p0 (Ω)) in L
2(0, T˜ ;L2(Ω)), (2.8) also
holds for weak solutions of (1.1). Therefore, u is a global weak solution of problem (1.1).
Step 2. Decay rate Obviously, u ∈ W for t ∈ [0,∞) from Step 1, further, I(u) ≥ 0. It
follows from (2.8) and (2.3) that
J(u0) ≥ J(u(x, t)) ≥
q − p
pq
‖∇u‖pp,
which yields, together with the embedding W 1,p0 (Ω) →֒ L
p+α(Ω) with α defined in (3.1),
‖u‖q+α ≤ Bα‖∇u‖p ≤ Bα
( pq
q − p
J(u0)
) 1
p
.
Consequently,
‖u‖q+αq+α = ‖u‖
p
q+α‖u‖
q+α−p
q+α ≤ B
q+α
α ‖∇u‖
p
p
( pq
q − p
J(u0)
) q+α−p
p
. (4.20)
Combining (3.3) and (4.20), and recalling (3.2), one has
d
dt
∥∥∥|x|− s2u∥∥∥2
2
= −2I(u) ≤ −2
(
‖∇u‖pp −
1
α
‖u‖q+αq+α
)
≤ −2‖∇u‖pp
[
1−
Bq+αα
α
( pq
q − p
J(u0)
) q+α−p
p
]
= −2‖∇u‖pp
[
1−
( pq
q − p
1
(r(α))p
J(u0)
) q+α−p
p
]
.
Replacing um by u in (4.15) and (4.16), we get∥∥∥|x|− s2u∥∥∥2
2
≤ C˜‖∇u‖2p.
Thus,
d
dt
∥∥∥|x|− s2u∥∥∥2
2
≤ −
2
C˜
p
2
(∥∥∥|x|− s2u∥∥∥2
2
) p
2
[
1−
( 2q
q − 2
1
(r(α))2
J(u0)
) q+α−2
2
]
,
which implies
∥∥∥|x|− s2u∥∥∥2
2
≤

∥∥∥|x|− s2u0∥∥∥2
2
e
− 2
C˜
[
1−
(
2q
q−2
1
(r(α))2
J(u0)
) q+α−2
2
]
t
for p = 2,{(
p
2 − 1
)
2
C˜
p
2
[
1−
(
pq
q−p
1
(r(α))p J(u0)
) q+α−p
p
]
t+
(∥∥∥|x|− s2u0∥∥∥2
2
)1− p
2
} 2
2−p
for p > 2.
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Proof of Theorem 2.6: For this proof, we need to use the technique introduced by Philippin
and Proytcheva in [16], and further developed by Han et al. [10]. Let K(t) := −J(u(x, t)), then
L(0) > 0, K(0) > 0. It follows from (2.8) that
K ′(t) = −
d
dt
J(u(x, t)) =
∥∥∥|x|− s2ut∥∥∥2
2
≥ 0,
which yields K(t) ≥ K(0) > 0 for t ∈ [0, T ). Recalling Lemma 3.5 and (2.3), one has
L′(t) = −I(u(x, t)) =
q − p
p
‖∇u‖pp +
1
q
‖u‖qq − qJ(u(x, t)) ≥ qK(t). (4.21)
Combining Schwarz’s inequality and (4.21) gets
L(t)K ′(t) =
1
2
∥∥∥|x|− s2u∥∥∥2
2
∥∥∥|x|− s2ut∥∥∥2
2
≥
1
2
(L′(t))2 ≥
q
2
L′(t)K(t),
which implies (
K(t)L−
q
2 (t)
)′
= L−
q+2
2 (t)
[
K ′(t)L(t)−
q
2
K(t)L′(t)
]
≥ 0.
Therefore, together with (4.21), we have
0 < κ := K(0)L−
q
2 (0) ≤ K(t)L−
q
2 (t) ≤
1
q
L′(t)L−
q
2 (t) =
2
(2− q)q
(
L
2−q
2 (t)
)′
. (4.22)
Integrating the inequality above over [0, t] for t ∈ (0, T ), and taking q > p ≥ 2 in mind, one has
0 ≤ L
2−q
2 (t) ≤ L
2−q
2 (0)−
(q − 2)q
2
κt for t ∈ (0, T ).
Obviously, the inequality above cannot hold for all t > 0, i.e. T <∞. Moreover,
T ≤
2
(q − 2)qκ
L
2−q
2 (0) =
2L(0)
(2− q)qJ(u0)
.
Proof of Theorem 2.7: In order to prove this theorem, let us borrow some ideas from [18].
From Lemma 3.6(2)(3), let us conclude that there exists a t0 ∈ [0, T ) such that J(u(x, t)) < M
and I(u(x, t)) < 0 for all t ∈ [t0, T ) provided that J(u0) ≤ M and I(u0) < 0. Therefore, it
follows from Lemma 3.3(2) and (2.5) that
‖∇u‖pp ≥ r
p
∗ =
pq
q − p
M for t ∈ [t0, T ). (4.23)
Next, we prove T <∞. For any T ∗ ∈ (0, T ), γ > 0 and σ > 0, define an auxiliary function
M(t) =
∫ t
t0
L(τ)dτ + (T − t)L(t0) +
γ
2
(t+ σ)2 for t ∈ [t0, T
∗].
By a direct computation, one has
M ′(t) = L(t)− L(t0) + γ(t+ σ) =
∫ t
t0
∫
Ω
|x|−suuτdxdτ + γ(t+ σ) for t ∈ [t0, T
∗].
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Further, recall (3.3), (2.3) and (2.8), then
M ′′(t) =
∫
Ω
|x|−suutdx+ γ = −I(u(x, t)) + γ
=
q − p
p
‖∇u‖pp +
1
q
‖u‖qq − qJ(u(x, t)) + γ
≥
q − p
p
‖∇u‖pp − q
[
J(u(x, t0))−
∫ t
t0
∥∥∥|x|− s2uτ∥∥∥2
2
dτ
]
+ γ for t ∈ [t0, T
∗].
Applying Cauchy-Schwarz inequality, one has
ξ(t) : =
[ ∫ t
t0
∥∥∥|x|− s2u∥∥∥2
2
dτ + γ(t+ σ)2
][ ∫ t
t0
∥∥∥|x|− s2uτ∥∥∥2
2
dτ + γ
]
−
[ ∫ t
t0
∫
Ω
|x|−suuτdxdτ + γ(t+ σ)
]2
≥ 0 for t ∈ [t0, T
∗].
Therefore, recalling (4.23),
M(t)M ′′(t)−
q
2
(M ′(t))2
≥M(t)M ′′(t) +
q
2
[
ξ(t)−
(
2M(t)− 2(T − t)L(t0)
)( ∫ t
t0
∥∥∥|x|− s2uτ∥∥∥2
2
dτ + γ
)]
≥M(t)
[
M ′′(t)− q
(∫ t
t0
∥∥∥|x|− s2uτ∥∥∥2
2
dτ + γ
)]
≥M(t)
[q − p
p
‖∇u‖pp − qJ(u(x, t0))− (q − 1)γ
]
≥M(t)
[
qM − qJ(u(x, t0))− (q − 1)γ
]
≥ 0
(4.24)
for t ∈ [t0, T
∗] and γ ∈
(
0, q(M−J(u(x,t0)))
q−1
]
. It follows from Lemma 3.8 that
0 < T ∗ − t0 ≤
2M(t0)
(q − 2)M ′(t0)
=
2(T − t0)L(t0)
(q − 2)γ(t0 + σ)
+
t0 + σ
q − 2
.
Since the arbitrariness of T ∗ < T , for any γ ∈
(
0, q(M−J(u(x,t0)))
q−1
]
and σ > 0, one has
T − t0 ≤
2(T − t0)L(t0)
(q − 2)γ(t0 + σ)
+
t0 + σ
q − 2
. (4.25)
Fix now γ0 ∈
(
0, q(M−J(u(x,t0)))
q−1
]
, then for any σ ∈
(
2L(t0)
(q−2)γ0
− t0,+∞
)
, 0 < 2L(t0)(q−2)γ0(t0+σ0) < 1
holds, which implies together with (4.25)
T ≤
γ0(t0 + σ)
2
(q − 2)γ0(t0 + σ)− 2L(t0)
+ t0.
Minimizing the right-hand side of the inequality above for σ ∈
(
2L(t0)
(q−2)γ0
− t0,+∞
)
, one gets
T ≤
8L(t0)
(q − 2)2γ0
+ t0 for γ0 ∈
(
0,
q(M − J(u(x, t0)))
q − 1
]
. (4.26)
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Minimizing the right-hand side of the inequality above for γ0 ∈
(
0, q(M−J(u(x,t0)))
q−1
]
, we obtain
T ≤
8(q − 1)L(t0)
(q − 2)2q(M − J(u(x, t0)))
+ t0.
For J(u0) < M , taking t0 = 0, then
T ≤
8(q − 1)L(0)
(q − 2)2q(M − J(u0))
.
Proof of Theorem 2.8: This proof follows the part ideas in [9]. Firstly, we prove that u
blows up in finite time. Suppose on the contrary that u is global, i.e. T = +∞. Then, recalling
(2.9), for all t ∈ [0,∞), Schwarz’s inequality and (2.8) imply
(2L(t))
1
2 =
∥∥∥|x|− s2u∥∥∥
2
=
∥∥∥ ∫ t
0
|x|−
s
2uτdτ + |x|
− s
2u0
∥∥∥
2
≤
∫ t
0
∥∥∥|x|− s2uτ∥∥∥
2
dτ + (2L(0))
1
2
≤ t
1
2
(∫ t
0
∥∥∥|x|− s2uτ∥∥∥2
2
dτ
) 1
2
+ (2L(0))
1
2 ≤ t
1
2 (J(u0)− J(u(x, t)))
1
2 + (2L(0))
1
2
≤ t
1
2J
1
2 (u0) + (2L(0))
1
2 ,
(4.27)
where we apply 0 ≤ J(u(x, t)) ≤ J(u0) if u is a global solution. Here, we prove that 0 ≤
J(u(t)) ≤ J(u0). Otherwise, there exists t∗ ∈ [0,∞) such that J(t∗) < 0. Then by Theorem 2.6,
we know that u blows up in finite time, which is a contradiction. Replacing um by u in (4.15)
and (4.16), one has
2L(t) =
∥∥∥|x|− s2u∥∥∥2
2
≤ C˜‖∇u‖pp + C˜. (4.28)
It follows from (4.21) and (4.28) that
L′(t) =− I(u(x, t)) =
q − p
p
‖∇u‖pp +
1
q
‖u‖qq − qJ(u(x, t))
≥
q − p
p
( 2
C˜
L(t)− 1
)
− qJ(u(x, t))
=
q − p
p
2
C˜
(
L(t)−C1 − C2J(u(x, t)
)
,
(4.29)
here C1 =
C˜
2 and C2 =
pq
q−p
C˜
2 . Set
F (t) = L(t)− C1 − C2J(u(t)), (4.30)
then by (4.29)
F ′(t) ≥ L′(t) ≥
q − p
p
2
C˜
F (t).
Since F (0) = L(0)− C1 −C2J(u0) > 0 from (2.10), we get
F (t) ≥ F (0)e
q−p
p
2
C˜
t
> 0. (4.31)
Therefore, by (4.30), one has
L(t) ≥ F (t) ≥ F (0)e
q−p
p
2
C˜
t
,
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which contradicts (4.27) for sufficiently large t. Thus, u blows up in finite time. Moreover, (4.29)
and (4.31) imply that L(t) is strictly increasing for t ∈ [0,∞).
Secondly, let us estimate the upper bound of T . For any T ∗ ∈ (0, T ), γ > 0 and σ > 0,
define an auxiliary function
M(t) =
∫ t
0
L(τ)dτ + (T − t)L(0) +
γ
2
(t+ σ)2 for t ∈ [0, T ∗].
Similar to (4.24), and noticing that (4.28) and L(t) is strictly increasing for t ∈ [0,∞), we have
M(t)M ′′(t)−
q
2
(M ′(t))2 ≥M(t)
[q − p
p
‖∇u‖pp − qJ(u0)− (q − 1)γ
]
≥M(t)
[q − p
p
( 2
C˜
L(t)− 1
)
− qJ(u0)− (q − 1)γ
]
≥M(t)
[q − p
p
( 2
C˜
L(0)− 1
)
− qJ(u0)− (q − 1)γ
]
=M(t)
[q − p
p
2
C˜
F (0)− (q − 1)γ
]
≥ 0
(4.32)
for t ∈ [0, T ∗] and γ ∈
(
0, q−p
p
2
C˜
1
q−1F (0)
]
. In the remaining proof, using the same method in
the proof of Theorem 2.7, one has
T ≤
4(q − 1)pC˜L(0)
(q − 2)2(q − p)F (0)
.
Proof of Theorem 2.9: From (4.29) and (4.31), we directly get I(u(x, t)) < 0 for t ∈ [0, T ),
which implies
‖∇u‖pp <
∫
Ω
|u|q ln |u|dx <
1
α
‖u‖q+αq+α, (4.33)
here α is defined in (3.1). Applying interpolation inequality, W 1,p0 (Ω) →֒ L
Np
N−p (Ω) and I(u(t)) <
0 for t ∈ [0, T ), it follows that
‖u‖q+αq+α ≤ ‖u‖
θ(q+α)
Np
N−p
‖u‖
(1−θ)(q+α)
2 ≤ C
θ(q+α)
∗ ‖∇u‖
θ(q+α)
p ‖u‖
(1−θ)(q+α)
2
< C
θ(q+α)
∗ α
− θ(q+α)
p
(
‖u‖q+αq+α
) θ(q+α)
p
(
‖u‖22
) (1−θ)(q+α)
2
= C
θ(q+α)
∗ α
− θ(q+α)
p [diam(Ω)]
s(1−θ)(q+α)
2
(
‖u‖q+αq+α
) θ(q+α)
p
(
2L(t)
) (1−θ)(q+α)
2
.
(4.34)
By recalling θ =
(
1
2 −
1
q+α
)(
1
2 −
N−p
Np
)−1
∈ (0, 1) and q+α < p
(
1+ 2
N
)
, one has 1− θ(q+α)
p
> 0,
and κ = [ (1−θ)(q+α)2 ]/[1 −
θ(q+α)
p
] > 1. Therefore,
d
dt
L(t) = −I(u(t)) ≤
∫
Ω
|u|q ln |u|dx <
1
α
‖u‖q+αq+α
<
1
α
[
C
θ(q+α)
∗ α
− θ(q+α)
p [diam(Ω)]
s(1−θ)(q+α)
2
] p
p−θ(q+α)
2κLκ(t).
(4.35)
17
And L(t) > 0 due to I(u(t)) < 0 for t ∈ [0, T ). Further, (4.35) yields
1
1− κ
(L1−κ(t)− L1−κ(0)) ≤
1
α
[
C
θ(q+α)
∗ α
− θ(q+α)
p [diam(Ω)]
s(1−θ)(q+α)
2
] p
p−θ(q+α)
2κt.
By Theorem 2.8, we get limt→T− L(t)dt = +∞. As a result, by letting t→ T , we obtain
T ≥
L1−κ(0)
α−1
[
C
θ(q+α)
∗ α
− θ(q+α)
p [diam(Ω)]
s(1−θ)(q+α)
2
] p
p−θ(q+α)
2κ(κ− 1)
.
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